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to be in error.
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The reconstructed codeword rrs(p.k)
is the error-free version of the
rse(p.k) codeword.




Patent Application Publication  Feb. 14,2008 Sheet 1 of 11 US 2008/0040650 A1

101 \ -

@@GT@

v 102
103
FIG. 1
47
() ®)
®
v
FIG. 2
<—
&)@ —m—®

200 200 200
¢2OO ik 200 i I 200

(N R A A I

FIG. 2a



Patent Application Publication  Feb. 14,2008 Sheet 2 of 11 US 2008/0040650 A1

307 /
OlsO=EROSE=0

/ / 302
306 304
301
FIG. 3 [al a2 a3]
[b4 b3 b2 bl] ¢
t
(o) (tp)
? ()
s3 s2 sl

FIG. 4



Patent Application Publication  Feb. 14,2008 Sheet 3 of 11 US 2008/0040650 A1

@

504

/

eI e

503

7

505 506 507 508 509 510 OSll
501
FIG. 5
601 602
<7
(it1) (r2)

603

¥

/604 605 / 606/

FIG. 6



Patent Application Publication  Feb. 14,2008 Sheet 4 of 11 US 2008/0040650 A1

SO (a1 22 23]

[bl b2 b3 b4]

502

501
[al a2 a3]

FIG. 8



Patent Application Publication  Feb. 14,2008 Sheet 5 of 11 US 2008/0040650 A1

901 902

@\

e
)

tp
2155907 908 (E 909

/ 905 / 906/

904
903 Y
FIG. 9
1001 //}002
e
® s
1003 1004
e S
v

FIG. 10



Patent Application Publication  Feb. 14,2008 Sheet 6 of 11 US 2008/0040650 A1

Start 701

Assume a first combination of (p-k)/2 or less
702 symbols in a first rse(p,k) codeword
to be in error.

Reconstruct the combination of (p-k)/2 or less
703 symbols assumed to be in error from the \
symbols assumed to be not in error.

Create a reconstructed codeword rrs(p.k) from the
704 reconstructed (p-k)/2 or less symbols and
the symbols assumed not to be in error.

Assume another

Compare the symbols in rse(p,k) and combination
705 rrs(p,k) in like positions. of (p-k) symbols in
eITor.
707

706

Is number of identical symbols
in like positions
> k+ (p-k)/2

A 4

The reconstructed codeword rrs(p,k)
708 is the error-free version of the
rse(p.k) codeword.

FIG. 11



Patent Application Publication  Feb. 14,2008 Sheet 7 of 11 US 2008/0040650 A1

801

v l
802 | rrsl(p.k) rrs2(pk) [T mrsp(p.k) | 803
v
804 805
FIG. 12
<7
D ®

FIG. 13

fp212

v FIG. 13a



Patent Application Publication  Feb. 14,2008 Sheet 8 of 11 US 2008/0040650 A1

1402
47
o C) ol o ( ) o’
bl b2 b3 b4
EE— 404
[x3 x2 x1] =[a! o® o] 1401
p C '
1400
FIG. 14
PRIOR ART
+ 0 o | al | | | et ] o | o
0 0 e | ol | e et ] | o
a® | o 0 o | o® | o | o | ot | o
al | of | o 0 ot | a® [ o2 | o® | o
a2 | o | o® | o 0 o | al | o | o
o3 | o | | o | o 0 o | o | of
o | ot | @ | o | o | o 0 o | o
o | o | ot | a® | o | o | of 0 al
| a® | 62| @] 0| ot | | ol 0
FIG. 15

PRIOR ART



Patent Application Publication  Feb. 14,2008 Sheet 9 of 11 US 2008/0040650 A1

X 0 | a® | a | o2 | & | ot | o |
0 0 0 0 0 0 0 0 0
| 0o | |||t |
o! 0 | o | o2 | o | ot | & | a® |
| 0 o> | o | ot | o | a® ] a® | ol
o 0 | | ot | o | o | o | o | &
at | 0 [ ot | & | a® | o | o | & | &
o’ 0 | & | a® | o | a | &2 | | o
a | 0 | o | o | | 2| & | ]| o
FIG. 16
PRIOR ART
s 0 | a® | a | o2 | | o | o |
0 0 0 0 0 0 0 0 0
| 0 o | o ||t | ] 02|
a! 0 ol | o® | a® | & | ot | & | o
> | 0 |l e* | ot | o | a8 || o] o
&l 0l 2| [ | e®] |
o 0 of | o | e |l | | @ | &
o’ 0 o | ot | o | a2 | ol | @ | o
| 0o | o | ot || o] o |

FIG. 17



Patent Application Publication

1800

1801

YYYYYvyy

(x1,b1)

Feb. 14,2008 Sheet 10 of 11

(x1,~bl)

(x2,b1)

(x2,~bl)

(x3.,b1)

(x3,~b1)

(x1,x2)

(x1,x3)

(x2,x3)

1807 v v ¢

x1 x2 x3

1802

1803

1805

FIG. 18

US 2008/0040650 A1

1800

vYvYYYVYy

1804

vV

x1 x2 x3

1800

2222222

1806

vvy

x1 x2 x3



Patent Application Publication  Feb. 14,2008 Sheet 11 of 11  US 2008/0040650 A1
1901 1906 1907 1905
1902 1903 1904

—» —> Z; —» —>

FIG. 19

2001 2003
002 oos 2005

E— > RN
FIG. 20
2101 2103
2102 2104 2105
FIG. 21



US 2008/0040650 Al

SYMBOL RECONSTRUCTION IN
REED-SOLOMON CODES

CROSS-REFERENCE TO RELATED
APPLICATIONS

[0001] This patent application claims the benefit of the
priority of U.S. Provisional Application 60/821,980, filed on
Aug. 10, 2006 which is incorporated herein by reference in
its entirety.

BACKGROUND OF THE INVENTION

[0002] The present invention relates to error correcting
coding and decoding. More specifically it relates to Reed-
Solomon coding and decoding.

[0003] Error correction of digital codes is widely used in
telecommunications and in transfer of information such as
reading of data from storage media such as optical disks.
Detection of errors can take place by analyzing symbols that
were added to the information symbols during coding. The
relation between information symbols and the added coding
symbols is determined by a rule. If after reception of the
symbols such relation between the symbols no longer holds,
it can be determined that some of the symbols are different
or in error compared to the original symbols. Such a
relationship may be a parity rule or a syndrome relationship.
If the errors do not exceed a certain number within a defined
number of symbols it is possible to identify and/or correct
these errors. Known methods of creating error correcting
codes and correction of errors are provided by BCH codes
and the related Reed-Solomon (RS) codes. These codes are
known to be cyclic codes. Error-correction in RS-codes
usually involves calculations to determine the location and
the magnitude of the error. The calculations in RS-codes
error correction can be time and/or resource consuming and
may add to a coding latency.

[0004] Accordingly methods that can decode Reed-So-
lomon codes in a faster or easier way are required.

SUMMARY OF THE INVENTION

[0005] One aspect of the present invention provides a
method for error correcting decoding a codeword generated
as a (p.k) Reed-Solomon codeword comprised of p n-valued
symbols of which k symbols are information symbols and
having no more than (p—k)/2 symbols in error into a correct
codeword by determining calculated codewords.

[0006] It is another aspect of the present invention to
provide a method of error correcting decoding of a Reed
Solomon codeword wherein calculated codewords are deter-
mined by applying Galois Field arithmetic operations in
GF(n).

[0007] It is a further aspect of the present invention to
provide a method of error correcting decoding a Reed
Solomon codeword wherein the GF(n) is an extended binary
field.

[0008] It is another aspect of the present invention to
provide a method for error correcting coding of a Reed
Solomon codeword wherein calculated codewords are deter-
mined by applying reversing n-valued logic functions.
[0009] It is a further aspect of the present invention to
provide a method of error correcting decoding a Reed
Solomon codeword wherein calculated codewords are deter-
mined in parallel.
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[0010] It is another aspect of the present invention to
provide a method for generating a Reed Solomon encoded
(p.k) codeword of n-valued symbols by applying a k element
n-valued LFSR in Fibonacci configuration wherein at least
one feedback tap includes a reversible inverter not repre-
senting a GF(n) multiplier.

[0011] It is a further aspect of the present invention to
provide a method for generating a Reed Solomon encoded
(p.k) codeword of n-valued symbols wherein applied logic
functions in an LFSR are equivalent to logic functions and
multipliers and at least one reversible inverter not represent-
ing a GF(n) multiplier.

[0012] It is another aspect of the present invention to
provide a method for correcting an error in a RS codeword
when it is known which symbol in a codeword is in error.
[0013] It is a further aspect of the present invention to
provide a method for generating a Reed Solomon encoded
(p.k) codeword of n-valued symbols wherein the applied
LFSR is an Galois equivalent of a Fibonacci LFSR that
includes at least one reversible inverter not representing a
GF(n) multiplier.

[0014] It is another aspect of the present invention to
provide a method and apparatus for reconstructing a symbol
in error by executing one or more n-valued logic expressions
when the position of a symbol in error was previously
determined.

[0015] It is a further aspect of the present invention to
provide apparatus that implement the methods provided as
aspects of the present invention.

[0016] It is another aspect of the present invention to
provide systems that apply methods of error correction
provided herein.

DESCRIPTION OF THE DRAWINGS

[0017] FIG. 1 is a diagram of an LFSR in Fibonacci
configuration with no multipliers or inverters.

[0018] FIG. 2 is a diagram of an LFSR in Fibonacci
configuration comprising multipliers.

[0019] FIG. 2a is another diagram of an LFSR in
Fibonacci configuration enabled for direct initialization.

[0020] FIG. 3 is a diagram of an LFSR in Galois configu-
ration.

[0021] FIG. 4 is a diagram of another LFSR in Fibonacci
configuration.

[0022] FIG. 5 is a diagram of an LFSR demonstrating a

Reed Solomon coder.

[0023] FIG. 6 is another diagram of an LFSR in Fibonacci
configuration.

[0024] FIG. 7 is a diagram illustrating a Reed Solomon
coder.

[0025] FIG. 8 is another diagram illustrating a Reed

Solomon coder.

[0026] FIG. 9 is a diagram illustrating a Reed Solomon
coder in Fibonacci configuration with multipliers.

[0027] FIG. 10 is a diagram illustrating a Reed Solomon
coder in Fibonacci configuration not having multipliers.
[0028] FIG. 11 is a flow diagram illustrating steps accord-
ing to one aspect of the present invention.

[0029] FIG. 12 is a flow diagram illustrating steps accord-
ing to another aspect of the present invention.

[0030] FIG. 13 is a diagram illustrating a Reed Solomon
coder in Fibonacci configuration with multipliers and invert-
ers.
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[0031] FIG. 13a is a diagram illustrating a Reed Solomon
coder in Fibonacci configuration with no multipliers or
inverters.

[0032] FIG. 14 is a diagram of a known Reed Solomon
coder.

[0033] FIG. 15 is a truth table of an adder over GF(8).
[0034] FIG. 16 is a truth table of a multiplier over GF(8).
[0035] FIG. 17 is a truth table of an 8-valued division.
[0036] FIG. 18 is a diagram of a decoder in accordance

with an aspect of the present invention.

[0037] FIG. 19 is a diagram of a communication system in
accordance with an aspect of the present invention.

[0038] FIG. 20 is a diagram of a data storage system for
writing data in accordance with an aspect of the present
invention.

[0039] FIG. 21 is a diagram of a data storage system for
reading data in accordance with an aspect of the present
invention.

DESCRIPTION OF A PREFERRED
EMBODIMENT

[0040] Reed-Solomon (RS) codes are often designated as
(p,k) error-correcting codes. This means that a codeword
consists of p symbols of which k symbols are the informa-
tion or message symbols. The remaining (p-k) symbols are
“overhead” symbols or check symbols to enable error cor-
rection. The “overhead” symbols in RS codes are generally
remainder symbols generated by an LFSR. The LFSR used
in RS coders are generally applied in Galois configuration.
It is also possible to generate RS codes by using LFSRs in
Fibonacci configurations.

[0041] In an earlier invention by the inventor as described
in US Non-Provisional Patent Application entitled: ERROR
CORRECTION BY SYMBOL RECONSTRUCTION IN
BINARY AND MULTI-VALUED CYCLIC CODES, Ser.
No. 11/739,189 and filed on Apr. 24, 2007 and which is
incorporated herein by reference it was shown that (p.,k)
error correcting codes can be generated by LFSRs wherein
anumber of t errors can be corrected in a codeword when the
codeword consists of k information or data symbols and
2*t+1 overhead symbols. The advantage of the coded
method provided in the cited invention is that with using
n-valued symbols one can generate an (p,k) code for error
correcting t errors when p>n. This comes with the disad-
vantage that 1 more symbol has to be used than in a true
RS-code. In a true RS-code the relation p-k=2%*t applies.
[0042] While it may appear that using one more symbol
than in RS-codes is a disadvantage, the method as provided
in the cited patent application Ser. No. 11/739,189 also has
advantages. For instance one of the constraints of an RS
code over GF(q) is, according to the literature, that the
codeword should have the same symbols or at least one
symbol less than the logic wherein the code is developed. In
other words: when one wants to develop an RS code in
7-valued logic, then the codeword should not be comprised
of more than 7 7-valued symbols. The method provided by
the inventor in patent application Ser. No. 11/739,189 does
not have such a stringent constraint. As an example one can
create a codeword of 11 symbols in a 5-valued logic using
an LFSR with 6 elements. The codewords, using the appro-
priate functions, will have at most 6 symbols in common and
thus may correct up to 2 symbol errors.

[0043] One such code-generator configuration is shown in
FIG. 2. This LFSR can generate a sequence of 15524
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S-valued symbols. The multipliers are [1 1 2 0 2 2]. The
multipliers can be combined with fp (5-valued addition) into
single 5-valued reversible functions. So, in fact the advan-
tage of the method is that one can create codewords with
more symbols than the value of the applied logic that can
correct multiple errors. For some applications that can be a
significant advantage, as it may prevent going into large
value logic approaches.

[0044] One disadvantage of the RS-code in Galois con-
figuration is that RS codewords are created individually:
they can not be created by letting the coder run and pick out
a new codeword. In fact in an RS-coder in Galois configu-
ration one has to start with a shift register with content of all
0Os. As disclosed by the earlier cited patent application if one
has very cheap or fast means for analyzing a very long
sequence, one can use a codeword as generated according to
cited patent application Ser. No. 11/739,189 and test if the
received codeword has a certain number of symbols in
common with a tested portion of the sequence. If such
comparison generates a minimum number then one has
detected and corrected the codeword.

[0045] There is known literature available that describes
the generation of RS-code. One book is: Error Control
Coding by Shu Lin and Daniel Costello, second edition,
Prentice Hall, 2004. The conditions for an (p.k) RS-code-
word over GF(q) to be able to correct t errors are:

P=q-1;
overhead p—k=2%t;
k=q-1-21;

minimum distance d=2*z+1;

[0046] In many cases the variable q is created from m bits
so that GF(q)=GF(2™). In that case the Galois Field is called
an extended binary Galois Field. The extended field allows
creating for instance an GF(8) wherein each 8-valued sym-
bol can be expressed as a binary word of 3 bits.

[0047] RS (p.k) codewords, meeting earlier cited condi-
tions can be created by a method using an LFSR in Galois
configuration. In that case the LFSR has (p-k) elements,
with initial content of the shift register being all 0s. The k
information symbols are shifted into the LFSR for k clock
pulses, thus filling the (p-k) shift register elements with a
new content. The RS codeword is the combination of k
information symbols with (p-k) symbols of the final state of
the shift register. Because in practical applications k>>(p-k)
one tends to prefer the Galois configuration.

[0048] Less known, but equally workable is the Fibonacci
LFSR configuration for the RS coder. In that case the coder
has an LFSR of k elements. The initial value of the shift
register is formed by the k data symbols. By running the
LFSR for p clock cycles the complete information word is
entered and the remaining (p-k) symbols for the RS code-
word are generated.

[0049] The Fibonacci configuration has a further advan-
tage. The LFSR in an RS coder should run for p clock cycles
to produce the (p-k) check symbols providing k information
symbols into the LFSR. Usually this is done by shifting the
information symbols into the shift register. This is followed
by shifting out the check symbols out of the register of a
Galois LFSR. Combined the coding (and decoding process)
with a Fibonacci LFSR may take p+(p-k)=2p-k clock
cycles. It should be noted that all LFSRs work under a clock
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signal. Such a clock signal is assumed in all the drawings
and descriptions though not always shown or identified.
[0050] FIG. 2 shows a Fibonacci LFSR. One can see that
producing (p-k) check symbols requires running the LFSR
for (p—k) cycles after the register was completely filled. The
check symbols will be available immediately at an output
and do not require to be shifted out. In a Fibonacci LFSR the
coding process may take just p clock cycles including
shifting in the symbols into the LFSR. It should be clear that
this number is only correct if all function operations are
completed with a clock cycle.

[0051] FIG. 2a shows how the shift register elements can
also be filled in one instance. For instance at an enabling
signal provided to all individual elements of the shift reg-
ister, each element is provided with its individual initial
state. For instance when an enabling signal is provided on a
common input 200 the shift register element 202 assumes
the symbol that is provided on input 201 as is shown in FIG.
2a. The time for creating a codeword can thus be reduced to
(p-k) clock cycles, provided that all function operations of
the LFSR can be completed within a single cycle.

[0052] The difference between the Galois and Fibonacci
LFSR configuration is that in practical terms the Galois
LFSR is smaller (if k>>(n-k)) but may have to run for more
clock pulses. The Fibonacci LFSR (for k>>(n-k)) is larger,
but may have to run for a fewer number of clock pulses if
the number of feedback taps is small. This is illustrated in
FIG. 3 and FIG. 4 for a (7,3) RS code which is a Reed
Solomon code of which a codeword is 7 symbols and of
which 3 symbols are information symbols.

[0053] How to create equivalent Galois and Fibonacci
LFSR configurations has been demonstrated by the inventor
in an invention described in U.S. Non-Provisional patent
application Ser. No. 11/696,261 entitled: BINARY AND
N-VALUED LFSR AND LFCSR BASED SCRAMBLERS,
DESCRAMBLERS, SEQUENCE GENERATORS AND
DETECTORS IN GALOIS CONFIGURATION filed on
Apr. 4, 2007 and which is incorporated herein by reference
in its entirety.

[0054] FIG. 3 shows a structure that resembles an RS-
coder in Galois configuration. One skilled in the art will
recognize that this is not really an RS-coder as it does not
comprise the switches required to allow entering the data
symbols on 301 and then switching to a situation where the
content of the shift register elements are outputted on 302.
However it shows that symbols are provided on 301 and
302. What will happen during coding is that initially the shift
register content is all Os. Then during k clock cycles the k
data symbols will be inputted on 301. Immediately after the
first clock cycle there can be a non-zero element in the last
element 304 of the shift register, creating feedback symbols
on 303 through n-valued adder fp 305. After k clock cycles
no more data symbols will be entered. Because in this
configuration the n-valued adder fp is used, one may also say
that after k clock cycles only 0 symbols are entered. This
means that after k clock cycles the content of the shift
register is only shifted and will not change. One may say that
in clock cycles after k clock cycles the remainder is shifted
out of the shift register.

[0055] The (7,3) configuration in FIG. 3 shows the clas-
sical multiplier and adder functions fp. The adder fp is an
8-valued adder over GF(2*) as provided in an article by
Bernard Sklar, entitled Reed-Solomon Codes and available
on-line at http:/www.informit.com/content/images/art_
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sklar7_reed-solomon/elementl.inks/art,,,7_reed-solomon.
pdf. The multipliers are also defined over GF(2*). The truth
table of fp and the multiplier are provided in the following
truth tables. A multiplier as shown in FIG. 3 at 307 (multi-
plier 4) is defined as the row (using origin 0) in the multiplier

truth table ‘mul’ ei.: [04 567 12 3].

c b
bis) 0 1 2 3 4 5 6 7
0 0 1 2 3 4 5 6 7
1 1 0 4 7 2 6 5 3
a 2 2 4 0 5 1 3 7 6
3 3 7 5 0 6 2 4 1
4 4 2 1 6 0 7 3 5
5 5 6 3 2 7 0 1 4
6 6 5 7 4 3 1 0 2
7 7 3 6 1 5 4 2 0
c b
mul 0 1 2 3 4 5 6 7
0 0 0 0 0 0 0 0 0
1 0 1 2 3 4 5 6 7
a 2 0 2 3 4 5 6 7 1
3 0 3 4 5 6 7 1 2
4 0 4 5 6 7 1 2 3
5 0 5 6 7 1 2 3 4
6 0 6 7 1 2 3 4 5
7 0 7 1 2 3 4 5 6

[0056] The same 8-valued adding function fp and multi-
plier ‘mul” are used in the (7,3) RS-coder in the Fibonacci
configuration in FIG. 4 which is identical to the code
generator of FIG. 3.

[0057] As was shown by the inventor in an earlier inven-
tion as described in U.S. Non-Provisional patent application
Ser. No. 10/935,960, filed Sep. 8, 2004 entitled: TERNARY
AND MULTI-VALUE DIGITAL SIGNAL SCRAM-
BLERS, DESCRAMBLERS AND SEQUENCE GENERA-
TORS, and which is incorporated herein by reference in its
entirety, it is possible to combine an n-valued logic function
with n-valued multipliers or inverters into a single n-valued
logic function. When the function and multipliers or invert-
ers are reversible then the combined function is also revers-
ible. Accordingly the Galois configuration as shown in FIG.
3 can be replaced by the Galois configuration as shown in
FIG. 5 and the Fibonacci configuration as shown in FIG. 4
can be replaced by a Fibonacci configuration as shown in
FIG. 6.

Error Correction by Symbol Reconstruction

[0058] The following will describe error correction by
symbol reconstruction. The principle thereof is straight
forward. One may assume that in this illustrative case 2
symbols in a codeword in a certain position are in error. For
simplicity it is assumed that 2 adjacent symbols are in error.
However errors may occur in any order of course. If these
particular symbols are in error in the illustrative example,
then clearly one also may assume that the other symbols are
not in error. Accordingly one can calculate the supposedly
“in error” symbols from the supposedly “error-free” sym-
bols. A reconstructed codeword then has at most 2 symbols










































