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ERROR CORRECTION IN MULTI-VALUED
(P,K) CODES

CROSS-REFERENCE TO RELATED
APPLICATIONS

[0001] This application claims the benefit of U.S. Provi-
sional Patent Application No. 60/807,087, filed Jul. 12,
2006, and U.S. Provisional Patent Application No. 60/821,
980 filed Aug. 10, 2006 which are both incorporated herein
by reference in their entirety. This application is a continu-
ation in part of, and claims the benefit of priority of, U.S.
patent application Ser. No. 11/739,189 filed Apr. 26, 2007
and U.S. patent application Ser. No. 11/743,893 filed May 3,
2007 which are both incorporated herein by reference in
their entirety.

BACKGROUND OF THE INVENTION

[0002] The present invention relates to error correcting
coding and decoding. More specifically it relates to correct-
ing symbols in error in cyclic codes.

[0003] Error correction of digital codes is widely used in
telecommunications and in transfer of information such as
reading of data from storage media such as optical disks.
Detection of errors can take place by analyzing symbols that
were added to the information symbols during coding. The
relation between information symbols and the added coding
symbols is determined by a rule. If after reception of the
symbols such relation between the symbols as provided by
the rule no longer holds, it can be determined that some of
the symbols are different or in error compared to the original
symbols. Such a relationship may be a parity rule or a
syndrome relationship. If the errors do not exceed a certain
number within a defined number of symbols it is possible to
identify and correct these errors. Known methods of creating
error correcting codes and correction of errors are provided
by BCH codes and the related Reed-Solomon (RS) codes.
These are known as (p.k) codes having codewords of p
n-valued symbols of which k symbols are information
symbols.

[0004] Error-correction in (p.k) codes usually involves
locating symbols in error, determining the magnitude of an
error and determining the correct value or state of a symbol.
Calculations in (p,k) codes such as RS codes can be time
and/or resource consuming and may add to a coding latency.
[0005] Accordingly methods that can correct a symbol
known to be in error in a faster or easier way are required.

SUMMARY OF THE INVENTION

[0006] One aspect of the present invention presents a
novel method and apparatus that can rapidly detect and
correct errors in codewords with an information rate grater
than 5.

[0007] It is another aspect of the present invention to
provide a method for coding a word of k n-valued informa-
tion symbols into a codeword of p n-valued symbols.
[0008] It is a further aspect of the present invention to
provide coding and error correcting decoding methods that
can be applied for codewords of binary and for codewords
of non-binary symbols.

[0009] It is a further aspect of the present invention to
provide a method wherein the codewords are selected from
sequence of a plurality of n-valued symbols generated by a
Linear Feedback Shift Register (LFSR).
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[0010] It is another aspect of the present invention to
provide a method to create a plurality of codewords of p
symbols wherein each codeword has at most k symbols in k
positions in common with k symbols in k like positions in
any other codeword from the plurality.

[0011] It is a further aspect of the present invention to
provide a method for creating a corrected codeword from a
changed codeword of k+2*t+1 n-valued symbols, wherein
the changed codeword is created from a first codeword
wherein up to t of its symbols may have changed.

[0012] It is another aspect of the present invention to
provide methods to create equations that establish relations
between symbols in a codeword.

[0013] It is a further aspect of the present invention to
determine a calculated codeword by executing in a non-
iterative fashion an n-valued logic expression.

[0014] It is a further aspect of the present invention to
provide a method to determine if a calculated codeword is an
appropriately corrected codeword.

[0015] It is another aspect of the present invention to
determine a correct codeword when the location of errors in
a codeword is known for non-binary symbols.

[0016] It is another aspect of the present invention to
provide apparatus and systems that will implement the
methods provided in the present invention.

DESCRIPTION OF THE DRAWINGS

[0017] FIG. 1 is a diagram of an n-valued LFSR based
sequence generator having no multipliers.

[0018] FIG. 2 is a diagram of an n-valued LFSR based
sequence generator using multipliers.

[0019] FIG. 3 is a diagram of an LFSR in accordance with
an aspect of the present invention.

[0020] FIG. 4 is a diagram illustrating a coder for an error
correcting (p.,k) code.

[0021] FIG. 5 is another diagram illustrating a coder for an
error correcting (p,k) code.

[0022] FIG. 6 is a diagram illustrating a coder for an error
correcting (p,k) code in Fibonacci configuration.

[0023] FIG. 7 is another diagram illustrating a coder for an
error correcting (p,k) code in accordance with an aspect of
the present invention.

[0024] FIG. 8 is another diagram illustrating a coder for an
error correcting (p,k) code in accordance with an aspect of
the present invention.

[0025] FIG. 9 is a binary LFSR for generating elements of
GF(8).

[0026] FIG. 10 is a truth table of an adder over GF(8).
[0027] FIG. 11 is a truth table of a multiplication over
GF(8).

[0028] FIG. 12 is a diagram of an LFSR based multiplier
in GF(8).

[0029] FIG. 13 is a diagram of a Reed Solomon coder.
[0030] FIG. 14 is a truth table of inverter multipliers over
GF(8).

[0031] FIG. 15 is a binary LFSR for generating elements
of GF(16)

[0032] FIG. 16 is a diagram of an error correcting system
in accordance with an aspect of the present invention.

[0033] FIG. 17 is a diagram of a (p,k) coder.

[0034] FIG. 18 is another diagram of a (p.k) coder.
[0035] FIG. 19 is yet another diagram of a (p,k) coder.
[0036] FIG. 20 is a diagram of a (p,k) coder in reverse

mode in accordance with an aspect of the present invention.
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[0037] FIG. 21 is another diagram of a (p,k) coder in
reverse mode in accordance with an aspect of the present
invention.

[0038] FIG. 22 shows intermediate states of a (p,k) coder
in up mode in accordance with an aspect of the present
invention.

[0039] FIG. 23 shows intermediate states of a (p,k) coder
in down mode in accordance with an aspect of the present
invention.

[0040] FIG. 24 is a state difference matrix of a (p,k) coder
in accordance with an aspect of the present invention.
[0041] FIG. 25 shows steps of a method of error location
in accordance with an aspect of the present invention.
[0042] FIG. 26 shows other steps of a method of error
location in accordance with an aspect of the present inven-
tion.

DESCRIPTION OF A PREFERRED
EMBODIMENT

[0043] The inventor has shown in earlier inventions dis-
closed in U.S. patent application Ser. No. 11/739,189 filed
Apr. 26, 2007 and U.S. patent application Ser. No. 11/743,
893 filed May 3, 2007 which are both incorporated herein by
reference in their entirety how to generate (p,k) codewords
of p n-valued symbols with k n-valued symbols from coders
in Galois and Fibonacci configuration. (p.k) codes of which
a codeword has at most k symbols in common in corre-
sponding positions with any other codeword of the (p,k)
code have been disclosed.

[0044] Also (p.k) codes of which a codeword has at most
(k-1) symbols in corresponding positions in common with
any other codeword of the (p,k) code have been analyzed in
the cited Patent Applications. These (p,k) codes are gener-
ally known as Reed Solomon codes. They are created by
using a generating polynomial over GF(n) wherein the roots
of the generating polynomial are usually consecutive roots
of'the field GF(n). It was shown by the inventor that one can
generate n-valued Reed Solomon type codes with the (k-1)
restriction by using for instance Galois LFSRs wherein
n-valued inverters not being multipliers over GF(n) can be
used. The same applies for (p,k) coders in Fibonacci con-
figuration.

[0045] It was shown in the cited Patent Applications that
one can solve errors and erasures in a received (p,k) code-
word by making assumptions about the location of an error
or erasure, determining a calculated codeword and compar-
ing the calculated codeword with the received codeword. If
the calculated (p,k) codeword has at most t symbols differ-
ence in corresponding positions with the received codeword
then the calculated codeword may be considered the correct
codeword under certain conditions. One is referred to the
cited patent applications for details. These methods apply to
(p,k) codes including RS codes, which will be called RS(p.k)
codes. Different ways to determine a calculated codeword
have been disclosed. One may also use means, such as
solving an error location polynomial using syndromes to
determine which symbols are in error.

[0046] Once the error location is known the provided
methods can be applied to directly calculate or reconstruct
the symbols in error. This approach then replaces the gen-
erally used Forney algorithm which requires determining a
magnitude of an error and then modifying the symbol in
error according to the magnitude of the error.
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[0047] Coding and decoding of n-valued (p.k) codes can
be performed well in binary form by codes over an extension
binary field GF(2™). Aspects of the present invention there-
fore will be focused on these finite fields. However it is to
be understood that the methods disclosed herein may in
many cases also be applied in non-binary fields.

[0048] Creation of RS(p.,k) codewords as part of a cyclic
code is well known and is well documented in widely
available textbooks. The Reed-Solomon codes are among
the most widely applied and mostly use Galois arithmetic.
The Linear Feedback Shift Register (LFSR) is generally
regarded as an implementation of a polynomial over a finite
field GF(n). The inventor in the present invention will use
the n-valued LFSR as the starting point, sometimes referring
back to GF(n) for instance for implementations of addition
and multiplication over GF(n) in binary form.

[0049] There are different ways to generate (p,k) code-
words with LFSR based circuits. One may use Galois or
Fibonacci configuration n-valued LFSRs. This is described
in books such as: Error Control Coding, 2" edition, by Shu
Lin and Daniel J. Costello Ir.; Pearson Prentice Hall 2004.
A worked out example of an 8-valued (7,3) RS code using
a Galois configuration LFSR is described in instance in an
article by Dr. Bernard Sklar, entitled Reed Solomon codes,
which is available on-line at: http://www.informit.com/con-
tent/images/art_sklar7_reed-solomon/elementLinks/art_
sklar7_reed-solomon.pdf. The (7,3) Reed Solomon code
described in this article will be used herein.

[0050] Much of error-correcting coding and RS codes is
based on Galois Field arithmetic. The theory of Galois Field
arithmetic is known to persons skilled in the art and does not
need further explanation here. The codes are usually iden-
tified as (n,k) wherein n is the total number of multi-valued
symbols in a word and k is the number of information
symbols. In the present invention the letter n will be used for
the radix or value of a logic and accordingly the symbol p
will be used for the number of n-valued symbols in a
codeword. An n-valued symbol may be represented as a
binary word of at least 2 binary symbols.

[0051] There are two ways to apply LFSRs: the Fibonacci
and the Galois method. In essence Galois and Fibonacci
configurations of Shift Register circuits for n-valued logic
(n=2) are equivalent. They are equivalent, but not identical
and there are some differences that have to be taken into
account. However, as shown by the inventor in U.S. patent
application Ser. No. 11/696,261 filed: Apr. 4, 2007 entitled:
BINARY AND N-VALUED LFSR AND LFCSR BASED
SCRAMBLERS, DESCRAMBLERS, SEQUENCE GEN-
ERATORS AND DETECTORS IN GALOIS CONFIGU-
RATION and incorporated herein by reference in its entirety,
the differences are small enough that one can maintain that
sequences generated by Fibonacci generators can also be
generated by Galois configurations. Those configurations in
general have a forbidden (degenerate) state of the shift
register. However the degenerate states may not be a prob-
lem as they also form a codeword.

[0052] The inventor has also shown methods (called
“word-methods™) that can be applied to generate a full n?
sequence instead of an n¥™' sequence with the shift register
based methods. The word-method is advantageous because
one does not have to consider ‘forbidden’ words. One can
create words in an order that can not be achieved with an
LFSR. This is described in U.S. Provisional Patent Appli-
cation entitled: The Creation And Detection Of Binary And

























































