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(57) ABSTRACT

Methods, apparatus and systems for error correction of
n-valued symbols in codewords of p n-valued symbols with
n>2 and for n=2 and k information symbols have been
disclosed. Coders and decoders using a Linear Feedback
Shift Registers (LFSR) are applied to generate codewords
and detect the presence of errors. An LFSR can be in
Fibonacci or Galois configuration. Errors can be corrected
by execution of an n-valued expression in a deterministic
non-iterative way. Deterministic error correction methods
based on known symbols in error are provided. Corrected
codewords can be identified by comparison with received
codewords in error. N-valued LFSR based pseudo-noise
generators and methods to determine if an LFSR is appro-
priate for generating error correcting codes are also dis-
closed. Methods and apparatus applying error free assumed
windows and error assumed windows are disclosed. Systems
using the error correcting methods, including communica-
tion systems and data storage systems are also provided.
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ERROR CORRECTION BY SYMBOL
RECONSTRUCTION IN BINARY AND
MULTI-VALUED CYCLIC CODES

CROSS-REFERENCE TO RELATED
APPLICATIONS

[0001] This application claims the benefit of U.S. Provi-
sional Application No. 60/807,087, filed Jul. 12, 2006,
which is incorporated herein by reference in its entirety.

BACKGROUND OF THE INVENTION

[0002] The present invention relates to error correcting
coding and decoding. More specifically it relates to gener-
ating error correcting cyclic codes and error correcting
decoding methods.

[0003] Error correction of digital codes is widely used in
telecommunications and in transfer of information such as
reading of data from storage media such as optical disks.
Detection of errors can take place by analyzing symbols that
were added to the information symbols during coding. The
relation between information symbols and the added coding
symbols is determined by a rule. If after reception of the
symbols such relation between the symbols as provided by
the rule no longer holds, it can be determined that some of
the symbols are different or in error compared to the original
symbols. Such a relationship may be a parity rule or a
syndrome relationship. If the errors do not exceed a certain
number within a defined number of symbols it is possible to
identify and correct these errors. Known methods of creating
error correcting codes and correction of errors are provided
by BCH codes and the related Reed-Solomon (RS) codes.
These codes are known to be cyclic codes. Error-correction
in RS-codes usually involves calculations to determine the
location and the magnitude of the error. These calculations
in RS-codes can be time and/or resource consuming and
may add to a coding latency.

[0004] Accordingly methods that can generate and decode
cyclic error correcting codes in a faster or ecasier way are
required.

SUMMARY OF THE INVENTION

[0005] One aspect of the present invention presents a
novel method and apparatus that can rapidly detect and
correct errors in codewords with an information rate grater
than 5.

[0006] It is another aspect of the present invention to
provide a method for coding a word of k n-valued informa-
tion symbols into a codeword of p n-valued symbols.
[0007] It is a further aspect of the present invention to
provide coding and error correcting decoding methods that
can be applied for codewords of binary and for codewords
of non-binary symbols.

[0008] It is a further aspect of the present invention to
provide a method wherein the codewords are selected from
sequence of a plurality of n-valued symbols generated by a
Linear Feedback Shift Register (LFSR).

[0009] It is another aspect of the present invention to
provide a method to create a plurality of codewords of p
symbols wherein each codeword has at most k symbols in k
positions in common with k symbols in k like positions in
any other codeword from the plurality.

[0010] It is a further aspect of the present invention to
provide a method for creating a corrected codeword from a
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changed codeword of k+2*t+1 n-valued symbols, wherein
the changed codeword is created from a first codeword
wherein up to t of its symbols may have changed.

[0011] It is another aspect of the present invention to
provide methods to create equations that establish relations
between symbols in a codeword.

[0012] It is a further aspect of the present invention to
determine a calculated codeword by executing in a non-
iterative fashion an n-valued logic expression.

[0013] It is a further aspect of the present invention to
provide a method to determine if a calculated codeword is an
appropriately corrected codeword.

[0014] It is another aspect of the present invention to
determine a correct codeword when the location of errors in
a codeword is known for non-binary symbols.

[0015] It is another aspect of the present invention to
provide apparatus and systems that will implement the
methods provided in the present invention.

DESCRIPTION OF THE DRAWINGS

[0016] FIG. 1 is a diagram of an LFSR based sequence
generator having no multipliers.

[0017] FIG. 2 is a diagram of an LFSR based sequence
generator using multipliers.

[0018] FIG. 3 is a diagram illustrating minimizing the
number of error correcting equations.

[0019] FIG. 4 is another diagram illustrating minimizing
the number of error correcting equations.

[0020] FIG. 5 is a diagram of a Fibonacci configuration
coder with two consecutive states of a shift register.
[0021] FIG. 6 is a block diagram of a device executing
non-iteratively an n-valued expression for generating a
calculated codeword and comparing the calculated code-
word with a received codeword.

[0022] FIG. 7 is a block diagram of a system executing in
parallel non-iteratively n-valued expressions and providing
an error corrected codeword.

[0023] FIG. 8is an 8-valued coder in Galois configuration
in accordance with an aspect of the present invention.
[0024] FIG. 9 is a binary coder in Galois configuration in
accordance with an aspect of the present invention.

DESCRIPTION OF A PREFERRED
EMBODIMENT

[0025] One aspect of the present invention is based on the
cyclic nature of potential error correcting codes. If a code is
created in a cyclic way it is known what piece of code either
precedes or succeeds a current codeword. Based on assump-
tions or hypotheses of occurrence of errors it is possible to
reconstruct known preceding or succeeding parts of a code-
word and determine if a received codeword containing a
body and a preceding and/or succeeding piece of code are
statistically significant similar to an error-free version of
such a codeword. If such a codeword with errors is signifi-
cantly close enough to an error free codeword one may then
decide that the codeword that is close is actually the error-
free codeword.

[0026] Correlation type comparison can be used to deter-
mine the measure of similarity between two codewords.
Multi-valued correlation provides better discrimination
between codewords. Binary codewords in the present inven-
tion may thus be treated as representing non-binary symbols.
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[0027] The present invention is related to Reed-Solomon
(RS) codes. However there are significant differences. An
RS-code for instance requires one symbol less to reach the
same error correcting capacity than the method that will be
presented here. However a multi-valued RS-code requires
more complex calculations for its error-correcting process
and requires the length of the codeword to be smaller than
the potential number of states of a symbol. Further more the
present invention can be simplified for assumptions on
error-occurrence.

[0028] RS-codes are cyclic codes. The code is comprised
of a plurality of codewords; each codeword is comprised of
a plurality of symbols. The symbols in general are n-valued,
but are coded in binary symbols. Alternatively binary signals
may be divided into series of binary words, wherein each
binary word is comprised of more than 1 bit. A binary
sequence may then be interpreted as representing a word
comprised of a plurality of n-valued symbols.

[0029] Assume an RS-codeword to be comprised of p
n-valued information symbols. In addition to the informa-
tion symbols a plurality of coding symbols is added to the
codeword derived from the information symbols. The addi-
tional symbols may be calculated as being the remainder of
a polynomial division. The symbols of the remainder of the
division are added to the codeword, thus completing the
codeword for transmission. In order for each remainder to be
unique to the word comprised of the information symbols all
symbols are represented in a Galois Field and the division is
also executed in the Galois Field. In general (because of the
preference to code the n-valued symbols in a binary fashion)
one would like to execute the division in what is known in
the art as an extended Galois Field which in general is
constructed as an extended binary field GF(27).

[0030] Because of the nature of the Galois Field and its
possibility to express relationships, sequences and arithmeti-
cal operations between symbols as polynomials over GF,
shift register solutions can be used for the coding process.
This is described in books such as: Error Control Coding,
2 edition, by Shu Lin and Daniel J. Costello Jr.; Pearson
Prentice Hall 2004.

[0031] The theory of Galois Field arithmetic is known to
persons skilled in the art and does not need further expla-
nation here. The codes are usually identified as (n,k) wherein
n is the total number of multi-valued symbols in a word and
k is the number of information symbols. In the present
invention the letter n will be used for the radix or value of
a logic. The letter p will be used to indicate the total number
of symbols in a codeword. There are k information symbols
in a (p,k) code. Consequently there are (p—k) symbols that
can be used to detect and/or correct errors. In essence the
remainder that is attached to a codeword is an extension of
the word formed by the information symbols so that the new
word has an increased distance to all other valid codewords.
[0032] The advantage of the BCH codes and the RS codes
is that one can correct the errors that have occurred in a
limited number of symbols in a codeword, no matter where
the errors have occurred. Correcting the errors in RS codes
is a quasi-deterministic process. It may involve a significant
number of iterative calculations as one is trying to find code
solutions for which a calculated syndrome is O.

[0033] The present invention in one aspect applies the
cyclic nature of the creation of codewords and, because of
the way how codewords are created, it leverages the unique
way that additional symbols can be attached to information
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symbols to form a codeword. In another aspect it also
applies the concatenated aspect of pseudo-noise sequences,
in the sense that in a pseudo-noise sequence each “word” of
a minimal size occurs exactly once.

[0034] Cyclic codes are generally block codes, wherein a
series of symbols are combined into a unit of fixed length of
symbols. A block may be generated as a sequence of
symbols. A sequence or a word usually generated by an
LFSR based coder, after a certain number of blocks, may be
provided again by the LFSR based coder. Because a message
of p n-valued symbols can have 1 possible combinations or
words, the total cyclic block should contain also n” different
words of p n-valued symbols. It is possible to form words
from consecutive p n-valued symbols in certain sequences
so that each word is unique. The sequences where this is
possible are called pseudo-noise sequences.

[0035] One way to create n-valued pseudo-noise
sequences is by way of Linear Feedback Shift Register
(LFSR) methods. There are two ways to apply LFSRs: the
Fibonacci and the Galois method. In essence Galois and
Fibonacci configurations of Shift Register circuits for n-val-
ued logic (n=2) are equivalent. They are equivalent, but not
identical and there are some differences that have to be taken
into account. However, as shown by the inventor in U.S.
patent application Ser. No. 11/696,261 filed: Apr. 4, 2007
entitled: BINARY AND N-VALUED LFSR AND LFCSR
BASED SCRAMBLERS, DESCRAMBLERS,
SEQUENCE GENERATORS AND DETECTORS IN
GALOIS CONFIGURATION and incorporated herein by
reference in its entirety, the differences are small enough that
one can maintain that sequences generated by Fibonacci
generators can also be generated by Galois configurations.
Those configurations in general have a forbidden (degener-
ate) state of the shift register. However the degenerate states
may not be a problem as they also form a codeword.
[0036] The inventor has also shown methods (called
“word-methods™) that can be applied to generate a full n”
sequence instead of an 7~ sequence with the shift register
based methods. The word-method is advantageous because
one does not have to consider ‘forbidden’ words. One can
create words in an order that can not be achieved with an
LFSR. This is described in U.S. Provisional Patent Appli-
cation entitled: The Creation And Detection Of Binary And
Non-Binary Pseudo-Noise Sequences Not Using LFSR Cir-
cuits; Ser. No. 60/695,317 filed on Jun. 30, 2005 and in U.S.
Non-provisional patent application entitled: The Creation
And Detection Of Binary And Non-Binary Pseudo-Noise
Sequences Not Using LFSR Circuits; Ser. No. 11/427,498,
filed on Jun. 29, 2006, both of which are incorporated herein
by reference.

[0037] Shift register methods are advantageous because
they can generate sequences without having to store them.
They require the availability of a starting position for the
initial values of the shift register.

[0038] An important requirement for successful error-
correcting of coded words is that each word can be uniquely
determined. This means that sufficient symbols have to be
added in such a way that each received word has an optimal
“code distance” to its correct and error-free equivalent.
Codewords should be designed to address a certain expected
occurrence of errors. If a channel generates more errors than
the error-correcting capacity of the code, correct identifica-
tion of the codeword may no longer possible. In traditional
deterministic error correcting coding theory for block codes
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it is accepted that 2*t+1 extra symbols may correct up to t
symbol errors. This does not tell how these symbols need to
be selected and positioned.

[0039] For reasons of illustrative purposes symbols are
added to a codeword after the last symbol. So a codeword
[c1 ¢2 c3 c4] comprised of 4 symbols can be changed to [c1
c2 c3 c4 sl s2 s3] by adding additional symbols [s1 s2 s3].
How the additional code symbols are selected and how they
are positioned into the codeword may vary. Different
schemes are possible, contemplated and methods hereto will
be described later.

[0040] For binary symbols the code distance between
symbols in one position can at most be 1. A binary symbol
thus only has one symbol that can be different from itself. If
a binary symbol is 0, its different counterpart is 1; and when
a binary symbol is 1 its counterpart is 0. In ternary symbols
the symbol can for instance be 0, 1 or 2, so each symbol has
two different counterparts; and in 4-valued coding a symbol
canbe 0, 1,2 or 3. So in 4-valued coding there are 4 different
codewords that can be described as [0 0 0 x|, with x being
either 0, 1, 2 or 3. In binary coding there are only 2 different
codewords [0 O 0 x]. This aspect is helpful to maintain a
certain distance between codewords without having to
increase the number of symbols in a codeword.

[0041] Standard binary LFSR based scramblers, descram-
blers and sequence generators are generally provided in
Fibonacci form. It should be noted that Galois based con-
figurations for generating PN sequences are known and
contemplated. Methods for this have been described in
previously cited U.S. patent application Ser. No. 11/696,261.
[0042] For the purpose of simplicity the descriptions in
this disclosure will be limited to Fibonacci configurations.
However the use of Galois configurations is fully contem-
plated. One skilled in the art will be familiar with the use of
Galois configuration based RS coders. For instance in an
article by Bernard Sklar, entitled Reed Solomon codes,
which is available on-line at: http://www.informit.com/con-
tent/images/art_sklar7_reed-solomon/elementlinks/art_
sklar7_reed-solomon.pdf; a Galois configuration 8-valued
(7,3) RS-coder is provided in FIG. 9 in that article.

A 7-VALUED EXAMPLE

[0043] For developing the coding and decoding method
the performance of an RS-code will be used as a compari-
son. There are several conditions for a valid RS-code. The
distance between a codeword with the maximum number of
errors t and the error-free codeword has to be 2%t+1.
However this can be achieved by adding just 2*t extra
symbols to a codeword. This is slightly better than what will
be used as an aspect of the present invention. However the
number of n-valued symbols has to be smaller than n to
achieve that advantage. In general it forces an RS decoder to
be more complex than sometimes necessary.

[0044] Present practices usually apply RS-coding and
decoding in such a way that each symbol is coded as a binary
word. If one transmits a binary sequence it will be unlikely
that only the length of one n-valued coded symbol will
experience an error. Even if the probability of errors predicts
that such an error will only affect the length of a single
n-valued symbol. Most likely an error of several bits will
affect partly one symbol and partly the next adjacent symbol.
Though an error may at most affect a consecutive number of
bits representing a single n-valued symbol, in practice this
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may create errors in two adjacent n-valued symbols. An
effective code should thus be able to correct two adjacent
errors.

[0045] Hamming codes are known. And by interleaving
two Hamming coded words one may create an effective code
for error-correction of 2 errors. However the information
transmission rates of such codes is around %, because its
overhead is close to its payload.

[0046] Based on the above conditions the first code that
will have a performance of interest here with an ability to
correct up to 2 errors is an 7-valued error-correcting code
with a codeword of 6 symbols. To be able to correct 2 errors
on a Hamming distance one would need 5 overhead sym-
bols. In an RS code one would need 4 overhead symbols.
Assuming that all overhead words would be different and
each 5 symbol word differs at least in 1 symbol. The current
error correcting code (because the number of symbols is
greater that the value of the logic) does not have that
advantage. Accordingly one needs an additional overhead
symbol to ensure that each codeword of 11 7-valued sym-
bols differs in at least 5 symbols from any other codeword
in the set. Accordingly this creates a codewords of 11
symbols. The information rate with this is 6/11 and thus is
better than 2. With a 16 valued coded symbol one could
create an effective world length of 15 symbols and with 5
overhead symbols and thus with an information rate of
15/20.

[0047] For illustrative purposes the here provided expla-
nation will use a 7-valued code of 6 symbols and 5 overhead
symbols. It will demonstrate that it is possible to generate a
code with an information transmission rate better than 0.5.
However, like known RS methods, the here presented inven-
tion is capable of creating n-valued codewords of length p
and of decoding k errors within the previously discussed
conditions. One coding example will be provided later using
an 8-valued coding method, by applying an extended binary
Galois Field over GF(2%). The present invention describes
several aspects: the coding, the decoding and the error
correction.

The Coding

[0048] The coding process, using 7-valued symbols,
should be such that any 6 symbol combination will be coded
into an 11 symbol 7-valued codeword. The coding will be
performed by an LFSR based coding method. For illustra-
tive purposes the Fibonacci configuration of an LFSR will
be used. The use of Galois configurations is also possible
and is fully contemplated.

[0049] A diagram for the Fibonacci LFSR coder is shown
in FIG. 1. It is comprised of a 6-element shift register with
elements 106, 107, 108, 109, 110 and 111, of which each
element can store a 7-valued element. (In practice each
element may store a binary representation of a 7-valued
symbol). Not shown, but assumed is a clock signal. Each
shift register element has an input and an output. Each
output of an element (except for the last one) is connected
to the input of the next one (on its right). Of some elements
and at least of the last one the output is connected to a
7-valued reversible logic function via a feedback tap. On the
occurrence of a clock pulse the content of the storage
element is shifted 1 position to the right. As an illustrative
example the LFSR of FIG. 1 is shown in a configuration with
devices 101, 102, 103 and 104. Device 101 implements a
7-valued logic function f4, device 103 implements a 7-val-













































