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Functions and truth tables

N-valued logic offers significant opportunities f@duction of complexities. First some
ground rules will be established. An n-valued ¢ofginction will be considered a 2-place
or 2-inputs/single output function. An n-valued ¢tion will be determined by an n-
valued truth table. A function has several prapsrsuch as: commutativity,
associativity, reversibility, etc. A first concemif a function is commutative.

A device or a method implementing an n-valued fiamctsc’ is modeled by the
following diagram:

inl out

in2

The diagram has a first input providing an n-valggohbol ‘in1’, a second input
providing an n-valued symbol ‘in2’, and an outputyading an n-valued symbol ‘out’.
The relationship between the inputs and outputasiged by:

inl scin2 out. Anarrow is used instead of ‘=" as an assignnogetrator.

A function ‘sc’ may be used as an operator sudh@st’, keeping in mind that ‘sc’ is
defined by an n x n truth table. To keep thindatneely simple n is herein assumed to
be 3 and all functions and symbols are ternarywéi@r, the approach applies to any
n>2.

Assume that ‘sc’ is the modulo-3 adder of whichttlh table is provided in the
following table.

+ mod3 in2
out|0|1]2

inl 0O |0]1|2
1 11210
2 2/0]|1




This function is commutative: it does not matteone executes (inl, in2) or (in2, inl).
Or in an example: 1 sc 2 = 2 sc 1, as both hawerésult.

Many n-valued functions are non-commutative andsiraild take care in the order of
execution. To make sure that one can maintairr@er @f execution each input of the
diagram is assigned to either the columns or tixes @f a truth table. In this case the
input represented by the horizontal arrow of tregtam is assigned to the rows (inl) of
the truth table and the input represented by thiced arrow is assigned to the columns
(in2) of the truth table.

Further more in an expression: inl sc in2out, the input ‘in1’ to the left of ‘sc’
represents the rows of the truth table and thetitp®/ to the right of ‘sc’ represents the
columns of the truth tables.

Non commutative functions

In a non-commutative n-valued function ‘sc’ in geaie
inl scin2 in2scinl.

As an example one may use the ternary function @ provided in the following truth
table.

scl in2
out| 0|12

in1|0 0(2]1
1 1102
2 21110

It is easy to see that in most cases: (inl1 scl im2 sc inl). Forinstance: 0 scl 12
and 1sc10 1. Infact‘scl’ is the ternary function (in1R2)modulo 3. This is
different from the function sc2 = (in2 — in1)modt8af which the following table
provided the truth table.

sc2 in2
out| 0|12

in1|0 0(1|2
1 2/0]1
2 1120

This demonstrates first of all that the ‘inversEhwdulo-3 addition (unlike the binary or
2-valued case) is not again modulo-3 addition. 8dlgomodulo-3 addition has to inverse
functions.



Functions with inverters

Switching functions often have inverters (such aslabo-n multipliers) at its inputs. A
configuration wherein each input to an n-valuedcfion has an inverter is shown in the
following diagram.

Assume that ‘sc’ is the modulo-3 addition, inv10=2 1] and inv2 = [0 2 1]. Inverter
‘invl’ represents multiplication modulo-3 of ‘inby a factor 2. The same applies to
inverter ‘inv2’. The transformation of ‘in1’, bajthe input to inverter ‘invl’, to ‘il’,
being the output of inverter ‘invl’ can be reprdasernby [0 1 2] [0 2 1].

The relationships are: i1 invl(inl);i2 inv2(in2); and il sci2 out.

Unfortunately this means that in order to determag’ one first has to calculate ‘i1’
and ‘i2’ and then apply ‘i1’ and ‘i2’ to the funom ‘sc’. It would be advantageous if one
could directly execute a function ‘sr’ so that: sl in2  out, thereby reducing the
number of steps.

The reduced function

The function ‘sr’ is called the reduced function'ssf’ over inverters ‘inl’ and ‘inv2’.
The reduction scheme works as follows:
1. When an input represents the rows of a trutletaben an inverter in that input
transforms the order of the rows, but leaves thancos intact;
2. When an input represents the columns of a talile, then an inverter in that input
transforms the order of the columns, but leavesdes intact;
3. An inverter [x y z] has elements {x,y,z} eachtwa position and a state. Element x has
position 0 and state x, element y has positiondlstate y, and element z has position 2
and state z.
4. An inverter [x y z] in an input representing will perform the following
transformation of rows:

the row of the new truth table in position O via# the row in position x in the old
truth table;

the row of the new truth table in position 1 via# the row in position y in the old
truth table; and

the row of the new truth table in position 2 wi# the row in position z in the old
truth table.



5. Aninverter [X y z] in an input representingwwins will perform the following
transformation of rows:

the column of the new truth table in position 0l e the column in position x in
the old truth table;

the column of the new truth table in position 1l e the column in position y in
the old truth table; and

the column of the new truth table in position 2l\wgé the column in position z in
the old truth table.

The order of the transformation does not matter.
Examples

As an example the reduced truth table of the me8wdder with at each input an
inverter [0 2 1] will be provided in the followirtguth table.

+r mod3 in2
out| 0|12

inl 0 0(2]1
1 21110
2 1102

Another example is a reduced function scl (the re@wsubtraction) also with an
inverter [0 2 1] in each input. The reduced trathle of ‘sclr’ is provided in the
following table.

sclr in2
out| 0|12

inL O |0]|1]2
1 |2|0]1
2 1121]0
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