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Equivalent logic expressions

Equivalent logic expressions for the purpose of #iticle are logic expressions with an
identical number of logic functions and an idertimamber of input variables which will
generate identical output states for identical @alaf the input states.

The purpose of this article is to describe howedéht logic functions can create
equivalent logic expressions. One of the conseqgeatcreating equivalent expressions
is the occurrence of “DON'T CARE” functions. Rattban try to eliminate these
functions they will be investigated on why and hitvey occur.

The full binary adder

The composite expression that will be used is tiefor realizing a full binary adder.
The binary sum of two single digits ‘a’ and ‘b’frmed by the modulo-2 residue ‘resl’
of ‘a’ and ‘b’ and the modulo-2 carry ‘carl’ of ‘and ‘b’.

resl (a b)
carl (a b)

The sum is formed by the two digits [carl resl].

Determining the full adder sum of multi-digit nunmbe a process that comprises a
repeated execution of the Residue and the Carnpg.ske general the execution is
considered to be a serial process, as a next ageflwait for a previous step in order to
be executed. It does not have to be that way, hemtbat is beyond the scope of this
article. The first two steps of the full additiohtevo 4 digit binary numbers [a b ¢ d] and
[e f g h] is described in the following table.

numberl a b C d
number2 e f g h
resl @ e b | (c g|d h)
carli(a e)|(b f|(c g | h) -

The intermediate results of the execution arendevidual bits provided by ‘res1’ and
‘carl’.

The next results res2 and car2 will be createcepgating the previous steps on the
generated results. In fact we may consider the rustbumberl’ and ‘number2’ to have
been replaced by the two numbers ‘resl’ and ‘carl’.



numberl a b C d
number2 e f g h
resl (a e) (b f) (c g |(d h)
carl|(a e)|(b f) (c Q) (d h) -
res2 S (b ) (c g)|(c g (d h)
car2 v | (c g (d h) -

In the second cycle the generated intermediatdtseme ‘res2’ and ‘car2’. As is known
from the full adder, the sum will created goingnfroight to left as the carry is being
resolved and will disappear as an influence orréialt.

We may consider the bits in row ‘res2’ and ‘car2the column under b and f to be the
canonical form of the second cycle residue andydats.

res2 (b f) (c Q)

car2 (¢ g) (d h)

One can name:

A equivalent to: (b f)

B equivalent to: (c Q)

C equivalent to: (c g)

D equivalent to: (d h)

In that case ‘res2’ and ‘car2’ can be rewritten as:
resz2 A B

car2 C D

It should be clear then that one can divide thepteta full adder into these cycles and
make the results of these cycles the inputs tessglilar meta-cycles.

Finding equivalent expressions

It is not possible to find equivalent expressianghi first cycle, which we may call
‘primitive’. It is possible to find equivalent exggsions for the second cycle.

First consider:res2 (a b) (c d).

There are 3 equivalent expressions for this one:
res2 (a b)= (c NAND d)

res2 (a=Db) (c NANDd)

res2 (a=b)= (c d)

As more equivalent expressions will be shown it ndlp to change the notation of the
expressions.

The generic form of the logic expression is:
res2 (arlb)r2(cr3d)



The terms r1, r2 and r3 signify binary logic fucts. The functions are represented by a
number that will relate to the respective trutieabThe following table shows the 14
non-trivial truth tables (all 0 and all 1 truth teb are not included).
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It is assumed that the structure of the expressiorains the same. Priority of execution
is determined by parentheses. The order of thabigrdetermines the order of execution
in case of non-commutative functions.

The equivalent expressions for ‘res2’ and ‘car2:ar

expression | rl|r2|r3

res2 9] 9| 1

res?2 9| 6| 14

res2 6| 6| 1 original
res2 6| 9| 14

car2 9|1 4| 1

car2 9| 8] 14

car2 6| 1] 1 origina|
car2 6| 2| 14

The expression car2 (a 9 b) 8 (c 14 d) does not contain any of thenpiive functions
but will generate the same resultas carfa6b) 1 (cld)orcar2 (a b) (c d).

For clarity it should be emphasized that the aliabée is the solution for the equation
result (arlb)r2 (cr3d)wherein result, a, b, c aratelthe constants and r1, r2 and
r3 are the variables. Or in other words: the fuoriare the variables in the equations
and the inputs and output are the ‘known entities’.



Extending the cycle

In general the expressions for the full ripple adde n digit numbers require (n+1)
expressions to create all possible sums. Because sklf-similarity of the expressions,
the series of expressions can be divided into sehkes. The previous example showed
how the results, which will be inputs to followiegpressions can be determined from
expressions comprised of 3 functions with 4 sirdiggt (bits) inputs.

The expressions can be extended to include a folpatep generating ‘res3’ and ‘car3’.
This is shown in the following table.

In this Six-Input-Single-Output (SISO) approach fineviously described expression
with one additional cycle. The outputs ‘res3’ andr3’ are calculated from 6 different
input bits and generate one output bit (either tes&ar3), using potentially 7 functions.

number 1 a b | c|d
number 2 e f gl h
res3 {@ae (b fH {b f) (c 9)
car3 {b ) (c 9} {(c g (d h)

The expressions:res3{(a e) (b )} {(b f) (¢ g)}and
car3 {(b f) (¢ g)} {(c g) (d h)} maybe considered the canonical
expressions for the SISO approach.

The purpose of this article is to deal with ‘equ@rd’ expressions, not to create a
complete n-bits word full adder. No further attentwill be given to the ‘real’ full adder.

In order to create neutral ‘canonical’ expressitesSISO expressions will be re-written
as:

res3 {(a 1b) 2(c 1d)} 3{(c 4d) 2(e 3f)} and
car3 {(a 1b) 2(c 1d)} 2{(c 3d) 2o (e 4f)}. The previous expressions are a

specific solution to the canonical equation, with added comment that the functions
(and not the inputs or output) are the variables.

First the results for the res3 expression will beednined. The equation:

res3 {(a 1b) 2(c 1d)} 3{(c 4d) 2 (e 31} will be solved by applying a
computer program, going through all possible sohdi It is not viable to run all
combination tests in a workable time span. Howé&ased on earlier assumptions tests

may be limited to functions wherein is either “=" or “ ”.



At least 128 equivalent expressions can be fouhd.pssible equivalents are shown in
the following table.

res3 {@ 31b) o(c 1d)} 3{(c 4d) 2(e 30}
1 2 1 3 4 2 3
6 6 1 6 6 1 1
9 6 14 6 6 1 1
6 9 14 6 6 1 1
9 9 1 6 6 1 1
6 6 7 6 6 1 14
9 6 8 6 6 1 14
6 9 8 6 6 1 14
9 9 7 6 6 1 14
6 6 1 6 9 8 14
9 6 14 6 9 8 14
6 9 14 6 9 8 14
6 6 8 6 6 11 1
6 6 14 9 6 1 1
9 6 1 9 6 1 1
9 9 14 9 6 1 1
9 6 7 9 6 1 14
9 6 7 9 9 2 14
9 9 8 9 6 4 1
9 6 8 9 6 11 1
9 6 8 9 9 13 14
9 9 7 9 6 14 14

The first solution is of course the original eqaatwith the primitive functions 6 and 1.
The equivalent expressions apply non-commutatiaetfans like 2, 4, 11, and 13.



At least 2500 equivalent expressions can be foanttér3’. Some examples:

car3 {(a 1b) 2(c 1d)} 2{(c 3d) 3(e 4f)}

14
14

14

14
14
13
13
13
13
13
13
13
13
13
13
13
13
13
13
13
13

15

10
11
12
13
14
15

14

11

14
14
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10




The first solution in the table is the originaldn. The following 10 solutions are of
interest because the functiopis a ‘don’t care’ function in the expression. Aetend of

the table another series of equivalent expressgosisown with 1 as ‘don’t care’. In that
case the function 0 (all 0) and 15 (all 1) alsoenbeen applied.

Voluntary and mandatory “don’t care” functions

One of the questions to be asked is if the “doaret functions are voluntary. Can these
functions be deleted without affecting the res@t4s their presence mandatory?

To solve this question the SISO expression:

car3 {(a 1b) 2(c 1d)} 2{(c 3d) 3(e 41} will be analyzed. Because an
expression (cq1 d) appears in the first part of the ‘car3’ expressas well as in the
second it may be that this is a “don’t care” fuontin the first part. Assume that (¢d)

is “don’t care”. This means in the first part exgs®n that: {(a 1 b) 2 (c 1d)} may be
reduced to (a b). In this equation a, b, c and d are the cotstamd the functions are the
variables.

If there are solutions where functiorequals function 1 then the voluntary “don’t care”

functions have been found. In that case the exjoress, (c 1 d)’ can be included or
dropped from the expression without affecting t&utt. In all other cases, no matter
how many equivalents are found they have to beidsd in the expression to arrive at
the correct results. These “don’t care” functiors mandatory.



Some examples will be provided. One can start byckeng all solutions where:
{@ 1b) 2(c 1d)} 2{(c 3d) 3(e 4N}={(@a ob)} 2{(c 3d) 3(e 4f)}

{@ 1b) 2(c 1d)} 2{(c 3d) s(e sf)}={(@a ob)} -{(c 3d) s(e 4f)}
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The previous table shows a set of solutions for'do®’'t care” equation.

The next step is to find the expressions for which:
{@ 1b) 2(c 1d)}=(a gb)with 1= gor the voluntary “don’t care” and
{@ 1b) 2(c 1d)}=(a gb)with 1 gorthe mandatory “don’t care”.




An example of the voluntary “don’t care”:

{@ 1b) 2(c 1d)}=(a ob)
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In this case one can either apply: (a 9 b) or {8 9 (c 1d)} in the ‘car3’ expression
without affecting the result. The function is the “don’t care” function.

An example of the mandatory “don’t care”

{@ 1b) 2(c 1d)}=(a ob)

0 1 2 1
9 6 10 0
9 6 10 1
9 6 10 2
9 6 10 3
9 6 10 4
9 6 10 5
9 6 10 6
9 6 10 7
9 6 10 8
9 6 10 9
9 6 10 10
9 6 10 11
9 6 10 12
9 6 10 13
9 6 10 14
9 6 10 15




In the case of the ‘mandatory’ “don’t care” the Whexpression has to be applied to
arrive at the correct result. The “don’t care” ftinn here is also;.

Different cycles and different n-valued logics

The “don’t care” effect (mandatory and voluntaryl)l Wwe enhanced when one expands
the cycle for creating ‘equivalent’ expressiong8tmputs. These expressions will have 8
terms (x w), which are connected by 7 functions. ThesegHssingle-output
expressions apply 15 functions. They have sigmfticadundancy which will be
expressed in a greater number of “don’t care” fiomst compared to the SISO
equivalence.

Elsewhere an analysis has been done by the autl®wvalued full adders. The number
of possible 3-valued functions is over 19,000. mbmber of equivalent expressions for
3-valued logic based full adders is exponentiatlyager than for binary full adders.

Ternary and n-valued equivalent expressions asegppl this article will show many,
many more “don’t care” functions and “don’t carelpeessions, which in a way may be
characterized as ‘junk’ logic or as ‘junk’ logictiia purpose.
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